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Abstract. The issue of optimal regularization is investigated in the context of the processing of satellite gravity
gradiometry (SGG) data that will be acquired by the
GOCE (Gravity Field and Steady-State Ocean Circulation Explorer) satellite. These data are considered as the
input for determination of the Earth’s gravity ﬁeld in the
form of a series of spherical harmonics. Exploitation of
a recently developed fast processing algorithm allowed a
very realistic setup of the numerical experiments to be
speciﬁed, in particular: a non-repeat orbit; 1-s sampling
rate; half-year duration of data series; and maximum
degree and order set to 300. The ﬁrst goal of the study is
to compare diﬀerent regularization techniques (regularization matrices). The conclusion is that the ﬁrst-order
Tikhonov regularization matrix (the elements are practically proportional to the degree squared) and the
Kaula regularization matrix (the elements are proportional to the fourth power of the degree) are somewhat
superior to other regularization techniques. The second
goal is to assess the generalized cross-validation method
for the selection of the regularization parameter. The
inference is that the regularization parameter found this
way is very reasonable. The time expenditure required
by the generalized cross-validation method remains
modest even when a half-year set of SGG data is
considered. The numerical study also allows conclusions
to be drawn regarding the quality of the Earth’s gravity
ﬁeld model that can be obtained from the GOCE SGG
data. In particular, it is shown that the cumulative geoid
height error between degrees 31 and 200 will not exceed
1 cm.
Keywords: Earth’s gravity ﬁeld – Satellite gravity
gradiometry – Gravity Field and Steady-State Ocean
Circulation Explorer (GOCE) – Regularization –
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1 Introduction
GOCE (Gravity Field and Steady-State Ocean Circulation Explorer) is a satellite mission to be launched in
2006 within the ESA’s Earth Explorer program [European Space Agency (ESA) 1999]. The aim of the mission
is to provide a high-accuracy, high-resolution model of
the Earth’s static gravity ﬁeld and of the geoid. The
mission will last for 20 months, including two 6-month
observation periods. The satellite orbit will be almost
circular, with an average elevation above the equator
between 250 and 270 km. The orbit inclination will be
about 96.6 degrees, so that the polar areas of the Earth
will not be covered by observations. Therefore, any
gravity ﬁeld model produced from GOCE data only will
suﬀer from polar gaps. The satellite will be supplied with
a drag-free control system to compensate for nongravitational forces like the atmospheric drag. A GPS
receiver on board will provide the data for a precise
orbit determination. Two types of data will be exploited
for gravity ﬁeld determination: (1) GPS measurements
(high–low satellite-to-satellite tracking data) and (2)
satellite gravity gradiometry (SGG) data. This paper
refers only to the latter type of data. The gravity
gradiometer on board the GOCE satellite will measure
the second-order derivatives of the gravitational potential (or, for brevity, the gravity gradients tensor). It is
planned that four components of the gravity gradients
tensor will be recorded with high accuracy for the
purpose of further processing: XX , YY , ZZ, and XZ (the
X -axis is directed along the track, the Y -axis coincides
with the direction of the orbital angular momentum, and
the Z-axis completes the frame to a right-handed one).
The sampling rate will be 1 s. Thus, the total number of
collected SGG data will be of the order of 100 million.
A commonly used procedure to represent the
Earth’s gravity ﬁeld is the series expansion into
spherical harmonics. Although we may describe in this
way the gravity ﬁeld in the whole three-dimensional
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(3-D) space above the surface, most of the practical
applications (like computation of the geoid) require
knowledge of the Earth’s gravity at the vicinity of the
surface. Hence, processing of SGG data implicitly includes downward continuation, which is an unstable
operation. Furthermore, the SGG data will be contaminated by colored (frequency-dependent) noise. The
square root p
ofﬃﬃﬃﬃﬃﬃnoise
power spectral density will be
ﬃ
below 4 mE= Hz in the frequency range between 0.005
and 0.1 Hz, the so-called ‘measurement band’ (1 mE =
1012 s2 ). Outside this interval (in particular, at higher
frequencies) the noise may be signiﬁcantly larger
(Sünkel 2000; Alenia 2001). The consequence is that
the SGG measurements are not sensitive to spherical
harmonics of very high degrees/orders. According to
our simulations, the maximum spherical harmonic degree resolvable from GOCE SGG data will be in the
range 260–280. Nevertheless, it makes sense to set
the maximum degree in the data processing beyond the
resolution limits (e.g. to 300) in order to guarantee that
the information content of the collected SGG data is
fully preserved. Such a strategy suggests, however, that
the spherical harmonic coeﬃcients cannot be determined solely from the SGG data, so that some a priori
information has to be added. A routine way to do this
is to apply a regularization. Typically, the inﬂuence of
the regularization grows with increasing spherical harmonic degree, so that the spherical harmonic coeﬃcients (or, more precisely, coeﬃcient corrections)
related to the highest degrees gradually approach zero.
If the truncation degree is suﬃciently high, there is no
longer a clear distinction between the commission error
in the solution, which reﬂects the propagated noise,
and the omission error, which is caused by the truncation of the spherical harmonic expansion.
In general a regularization may play a dual role. On
the one hand, it is needed every time when an inverse
problem under consideration is ill-posed, even if the
input data are noise free. In this case, we must use a
regularization in order to perform the inversion technically: otherwise, inversion software may crash. If the
data are noise free, choosing a regularization parameter
is not usually a problem because the inversion results are
barely sensitive to this choice; it may even be enough to
take the smallest regularization parameter that still
guarantees stable working of the software. On the other
hand, regularization may play the role of a low-pass
ﬁlter that suppresses high-frequency errors in a model
due to propagated data noise. If data are noisy, application of a regularization may be important even if a
problem is, strictly speaking, not ill-posed (although an
ill-posedness, naturally, magniﬁes noise). In this situation, choosing the optimal regularization parameter may
be less trivial. In the context of SGG data processing,
the primary goal of regularization is just to suppress
model errors at the highest spatial frequencies.
A general concept of regularization was originally
developed by Tikhonov (Tihonov 1963a, b; Tikhonov
and Arsenin 1977). In particular, Tikhonov introduced a
regularizing functional in the context of continuous inverse problems (Fredholm integral equations of the ﬁrst

kind). The regularizing functional minimizes the
L2 -norm of the unknown function together with
L2 -norms of its derivatives (in an a priori speciﬁed
proportion). A regularization is called Tikhonov regularization of the order k if the highest order of the
derivative included in the regularizing functional is k.
Tikhonov has also developed a regularization concept in
the context of discrete problems (in particular, inversion
of ill-posed matrices).
The issue of regularization includes two aspects:
(1) the optimal choice of the regularization technique (i.e.
of the regularizing functional or the regularization
matrix) and (2) the optimal choice of the regularization
parameter. A routine regularization technique applied in
a computation of spherical harmonic coeﬃcients from
satellite measurements makes use of the Kaula rule of
thumb (Kaula 1966). According to this, elements of the
regularization matrix are set equal to the fourth power of
the current degree l. Kaula’s rule of thumb prescribes
also the regularization parameter to be used: 1010 . A
number of alternative regularization techniques have
been considered speciﬁcally in the context of satellite
gravity gradiometry by Xu (1992), Ilk (1993), Bouman
and Koop (1998), Bouman (2000), Lonkhuyzen et al.
(2001), Koch and Kusche (2002), and Kusche and
Mayer-Gürr (2002). Furthermore, we would like to
mention in particular the studies of Kusche and Klees
(2002a, b), who systematically compared diagonal regularization matrices, elements of which were proportional
to diﬀerent powers of the degree l. It was concluded that
the quality of the model obtained is reasonably insensitive to the choice of the regularization matrix unless the
matrix is speciﬁed as the unit one: in that case, the quality
of the model deteriorates.
As far as the optimal choice of the regularization
parameter is concerned, the papers of Koch and Kusche
(2002) and Kusche and Klees (2002b) deserve special
attention because various heuristic choice rules have
been considered therein: the L-curve criterion and the
generalized cross-validation in the former publication
and the variance component estimation technique in the
latter one. ‘Heuristic rules’ means in this context that
these rules are independent of a priori knowledge of the
noise level in the data. We expect that in practice we will
be unable to rely upon this sort of information. First,
pre-launch estimations of the hardware accuracy may
diﬀer from the real behavior in the orbit. Second, a
functional model used for SGG data processing may
suﬀer from an incompleteness, which will manifest itself
as an extra noise in the data. Third, selection of the
optimal regularization parameter on the basis of noise in
the data is very sensitive to errors in the estimation of
noise properties. For these reasons, heuristic rules seem
to be preferable. Furthermore, a model obtained with an
heuristic parameter choice rule oﬀers an independent
way to assess data noise: it is enough to simulate data on
the basis of the obtained model and subtract them from
the observations.
The scope of this paper is the regularization in the
context of the GOCESOFT software, which is aimed at
transformation of data to be acquired by the GOCE
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satellite into parameters of the Earth’s gravity ﬁeld. This
software exploits a fast and accurate algorithm for SGG
data processing (Ditmar and Klees 2002; Ditmar et al.
2003), which is based on the pre-conditioned conjugate
gradient (PCCG) method. According to the latest
estimations, GOCESOFT is capable of processing the
whole set of GOCE SGG data within only 1 hour.
Thanks to this, we are able to consider diﬀerent aspects
of the regularization in a much more realistic environment than that of any other study made so far. The ﬁrst
goal of our study is to continue a systematic comparison
of diﬀerent regularization techniques (i.e. regularization
matrices). Moreover, we clarify the physical meaning of
diﬀerent regularization matrices by relating them to
certain smoothness properties of the gravitational
potential. In other words, we establish a link between the
discrete and the continuous Tikhonov regularization. In
particular, we demonstrate that application of Kaula’s
rule of thumb can be considered in practice as a secondorder Tikhonov regularization. The second goal of our
research is to investigate an heuristic parameter choice
rule in a realistic experimental setup; the generalized
cross-validation technique has been selected for this
purpose.
In our numerical study, we compare both the quality
of the models obtained and the numerical performance
of computations. One of the direct applications of this
study is the assessment of the accuracy of an Earth
gravity model that can be deduced from the whole set of
GOCE SGG data.

2 Data processing methodology
In the paper presented, we limit ourselves to the static
gravity ﬁeld of the Earth. Let this ﬁeld be represented by
a series of spherical harmonics. Furthermore, suppose
that the contribution of a reference gravity ﬁeld is
subtracted from the collected SGG data during the preprocessing (in practice, the reference ﬁeld will be
speciﬁed according to the best gravity ﬁeld model
available). The remaining signal in the SGG data can
be used to determine parameters of the disturbing
potential – the correction to be applied to the reference
gravity ﬁeld. Furthermore, we truncate the spherical
harmonic expansion describing the disturbing potential,
so that only orders and degrees not exceeding a certain
maximum degree Lmax are taken into consideration. On
the one hand, such a truncation is needed in order to
represent the unknown function by means of a limited
set of unknown parameters. On the other hand, this
truncation is fully justiﬁed in the case of SGG data
because their resolution is limited, so that they cannot be
used to determine coeﬃcients related to very high
degrees and orders anyway. Our simulations show that
setting the maximum degree to 300 is suﬃcient to avoid
a loss of information contained in the acquired SGG
data.
The explicit expression for the disturbing potential
V ðr; h; kÞ can be written as follows:

Lmax  lþ1
GM X
R
R l¼2 r

V ðr; h; kÞ ¼



l n
X

ðCÞ

ðSÞ

Clm Ylm ðh; kÞ þ Slm Ylm ðh; kÞ

o

ð1Þ

m¼0

where r; h; k are the spherical coordinates; G is the
universal gravitational constant; M is the Earth’s mass;
R is the semi-major axis of a reference ellipsoid; Clm and
Slm are the spherical harmonic coeﬃcients representing
ðCÞ
ðSÞ
the disturbing potential; Ylm ðh; kÞ and Ylm ðh; kÞ are the
4p-normalized surface spherical harmonics
ðCÞ
Ylm ðh; kÞ ¼ Plm ðcos hÞ cosðmkÞ
ðSÞ
Ylm ðh; kÞ ¼ Plm ðcos hÞ sinðmkÞ

ð2Þ

with Plm ðcos hÞ the normalized associated Legendre
functions.
The disturbing potential depends linearly on the
spherical harmonic coeﬃcients. Therefore, the pre-processed SGG measurements – second derivatives of the
disturbing potential – can also be linearly related to them.
Furthermore, the measurements will be contaminated by
noise. Then, the following vector equation holds:
d ¼ Ax þ g

ð3Þ

where d is the data vector, x is the model vector
comprised of the spherical harmonic coeﬃcients, g is the
vector of data errors, and A is the design matrix. An
explicit representation of the design matrix A is discussed, in particular, in Ditmar and Klees (2002).
Assuming that noise in the data is random and
Gaussian, we can represent the functional model of
observations as a standard Gauss–Markov model
Efdg ¼ Ax;

Dfdg ¼ Dfgg ¼ Cd

ð4Þ

where E and D denote the expectation and dispersion
operators, respectively, and Cd is the noise covariance
matrix. Then, a reasonable estimation x^ of the Earth’s
gravity ﬁeld can be obtained by a minimization of the
quadratic objective function
T
~ ð^
x  dÞ þ a^
x R^
x
U
xÞ ¼ ðA^
x  dÞT Cd1 ðA^

ð5Þ

where R is a regularization matrix and a is a (nonnegative) regularization parameter. The ﬁrst term in the
objective function of Eq. (5) forces the model to ﬁt the
data, whereas the second term represents the regularization.
The objective function of Eq. (5) is equal (up to a
constant) to the following one:


^  2^
^ T AT Cd1 A þ aR x
xT AT Cd1 d
ð6Þ
Uð^
xÞ ¼ x
In order to minimize this objective function, the
GOCESOFT software exploits the PCCG method
(Hestenes and Stiefel 1952; Bertsekas 1982). The PCCG
method works iteratively. The basic operation at each
iteration is the application of the normal matrix
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N ¼ AT Cd1 A þ aR

ð7Þ

to a certain vector p. Importantly, this operation does
not require that the normal matrix is known explicitly.
Instead, we can carry out a sequence of matrix–vector
multiplications as follows:


ð8Þ
Np ¼ AT Cd1 ðApÞ þ aRp
The operation Ap is the spherical harmonic synthesis.
The multiplication of the matrix Cd1 to the resulting
vector can be interpreted as ﬁltering (Schuh 1996; Klees
et al. 2003). Applying the matrix AT to the vector
obtained after ﬁltering is called the (spherical harmonic)
co-synthesis. Thanks to recently developed algorithms
for fast synthesis and co-synthesis (Ditmar et al. 2003),
these two operations can be performed extremely
eﬃciently. Finally, the operation aRp is the regularization. The number of PCCG iterations depends on the
choice of the pre-conditioner. In our case, a blockdiagonal approximation of the normal matrix (Colombo
1986; Ditmar and Klees 2002) is used for this purpose;
such a choice reduces the number of iterations to only a
few. The main scope of this paper is regularization.

3 Choice of the regularization matrix

matrix can indeed be considered as a zero-order Tikhonov (ZOT) regularization.
3.1.1 First-order Tikhonov (FOT) regularization
By analogy to the ZOT regularization, the ﬁrst-order
Tikhonov (FOT) regularization can be introduced. In
this case, ﬁrst-order derivatives of the disturbing
potential should be minimized, rather than the disturbing potential itself. More speciﬁcally, let us understand
the FOT regularization as minimization of the horizontal gradient of the gravitational potential near the
Earth’s surface
Z
ðFOTÞ
ð^
xÞ ¼
ðrH V ðr; h; kÞÞ2 dXR
ð12Þ
UR
XR

where rH is the surface gradient operator
0
1
0
o A
rH ¼ @ 1r oh
1 o
r sin h ok

According to Green’s formulas on a sphere (Meissl
1971, p. 12), Eq. (12) can be represented as
Z
ðFOTÞ
ð^
xÞ ¼ 
V ðr; h; kÞDH V ðr; h; kÞ dXR
ð13Þ
UR
XR

3.1 Zero-order Tikhonov (ZOT) regularization
In many inverse problems, the regularization matrix is
just set equal to the unit one. In our case, this is
equivalent to minimizing the L2 -norm of the disturbing
potential near the Earth’s surface [or, more precisely, at
the sphere of radius R, where R is deﬁned in the same way
as in the expression for the disturbing potential of
Eq. (1)]. Let us show this. Assume that the regularization
term in the objective function of Eq. (5) is deﬁned as
Z
ðZOTÞ
UR
ð^
xÞ ¼
V 2 ðr; h; kÞ dXR
ð9Þ
XR

where XR denotes the sphere of radius R.
The surface spherical harmonics form a set of
orthogonal functions. Hence substitution of the expression for the disturbing potential of Eq. (1) into the
regularization condition of Eq. (9) and changing the
order of integration and summations yields
ðZOTÞ

UR

ð^
xÞ ¼ 4pðGMÞ2

Lmax X
l 
X

2
2
Clm
þ Slm



ð10Þ

l¼2 m¼0

ðZOTÞ

^T RðZOTÞ x
^
ð^
xÞ ¼ 4pðGMÞ2 x

By deﬁnition, the gravitational potential represented
by spherical harmonics is a harmonic function


1 o
2 o
r
V ðr; h; kÞ þ DH V ðr; h; kÞ ¼ 0
DV ðr; h; kÞ ¼ 2
r or
or
Therefore, it holds that






1 o
o


r2
V ðr; h; kÞ
¼ 2
DH V ðr; h; kÞ


r or
or
r¼R

¼



r¼R

Lmax
GM X
lðl þ 1Þ
R3 l¼2
l n
o
X
ðCÞ
ðSÞ
Clm Ylm ðh; kÞ þ Slm Ylm ðh; kÞ

ð14Þ

m¼0

or in matrix form
UR

where DH is the Laplace–Beltrami operator or surface
Laplacian


1
o
o
1
o2
sin h
þ
DH ¼ 2
r sin h oh
oh
r2 sin2 h ok2

ð11Þ

where matrix RðZOTÞ is unit.
The constant factor 4pðGMÞ2 in Eq. (11) can be ignored because the regularization matrix has to be scaled
anyway by applying a regularization parameter. Thus,
the regularization exploiting the unit regularization

After substituting Eqs. (1) and (14) into the functional
of Eq. (13) and taking the orthogonality properties into
account, we have


GM 2 T ðFOTÞ
ðFOTÞ
^ R
^
ð^
xÞ ¼ 4p
x
x
ð15Þ
UR
R
where the matrix RðFOTÞ is deﬁned as
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n
o
RðFOTÞ ¼ dij lðiÞðlðiÞ þ 1Þ
ij

ð16Þ

with lðiÞ being the degree related to the row (or column)
number i. Thus, the FOT regularization can be implemented as easily as the ZOT regularization.
3.1.2 Second-order Tikhonov (SOT) regularization
and Kaula regularization
By analogy to the ZOT and the FOT regularization, we
can also introduce the second-order Tikhonov (SOT)
regularization. Let us understand the SOT regularization as minimization of the surface Laplacian of the
gravitational potential near the Earth’s surface
Z
ðSOTÞ
ð^
xÞ ¼
ðDH V ðr; h; kÞÞ2 dXR
ð17Þ
UR
XR

Again we can use Eq. (14), which yields, in combination
with the orthogonality of surface spherical harmonics

 Lmax
l 
X

GM 2 X
ðSOTÞ
2
2
UR
ð^
xÞ ¼ 4p 2
l2 ðl þ 1Þ2
Clm
þ Slm
R
l¼L
m¼0
min

ð18Þ
or in matrix form


GM 2 T ðSOTÞ
ðSOTÞ
^ R
^
ð^
xÞ ¼ 4p 2 x
x
UR
R
where the matrix RðSOTÞ is deﬁned as
n
o
RðSOTÞ ¼ dij l2 ðiÞðlðiÞ þ 1Þ2
ij

ð19Þ

ð20Þ

Elements of the SOT regularization matrix of Eq. (20)
related to large degrees l are very close to those in the
Kaula regularization matrix RðKÞ which is based on the
Kaula rule of thumb
n
o
ð21Þ
RðKÞ ¼ dij l4 ðiÞ

implementation of the GCV presented by Kusche and
Klees (2002b) in order to improve the numerical
eﬃciency.
The philosophy of the GCV method is based on the
leave-out-one or ‘jackknife’ idea, which has been well
known in geodetic testing theory for a very long time.
Assume that a certain observation in the collected data
set is omitted and the corresponding solution is found.
The same can be repeated with all the observation points
in succession. Then, a regularization parameter a is
considered as the optimal one if it gives, on average, best
predictions of missing observations.
It can be shown (Golub and Wahba 1979; Wahba
1990; Kusche and Klees 2002b) that in practice this idea
can be implemented as just a 1-D minimization of the
so-called GCV function
f gcv ðaÞ ¼

ðn  T a Þ2

ð22Þ

where n is the number of unknowns; xa is the solution
obtained with a given regularization parameter a;
T a ¼ traceðQa Þ; and Qa is the inﬂuence matrix
Qa ¼ AðAT Cd1 A þ aRÞ1 AT Cd1

ð23Þ

In large-scale problems, like satellite gravity gradiometry, an explicit computation of the inﬂuence matrix and,
therefore, of its trace is very time consuming. One way
out is to use stochastic trace estimators (Girard 1989).
Let us introduce a random vector z of length n with
Efzg ¼ 0 and Dfzg ¼ I. Then, an unbiased trace estimation can be obtained with the expression
T^a ¼ zT Qa z

ð24Þ

This expression may be better understood if the matrix–
vector multiplication is written in the component-wise
form with diagonal and oﬀ-diagonal terms being
grouped separately
n
X
fQa gij fzgi fzgj
zT Qa z ¼
i;j¼1

ij

On the other hand, elements related to small degrees
typically play no role because, when multiplied with a
proper regularization parameter, they are orders of
magnitude smaller than the elements of the unregularized normal matrix AT Cd1 A. Thus, the behavior of the
SOT regularization is practically identical to that of the
Kaula regularization.

nðAxa  dÞT Cd1 ðAxa  dÞ

¼

n
X

fQa gii fzg2i þ

i¼1

n
X
fQa gij fzgi fzgj

ð25Þ

i;j¼1
i6¼j

After applying the expectation operator, oﬀ-diagonal
terms in Eq. (25) vanish, so that we have
n
h
i
X
fQa gii E fzg2i
E zT Qa z ¼
i¼1

4 Finding the optimal regularization parameter
The accuracy of an inversion procedure may be strongly
dependent on the choice of the regularization parameter.
The parameter choice rule implemented in the GOCESOFT software is based on the generalized crossvalidation (GCV) method because previous studies
(Kusche and Klees 2002b) have demonstrated its
good performance. We have slightly modiﬁed an

¼

n
X
fQa gii ¼ traceðQa Þ

ð26Þ

i¼1

Application of the expectation operator implies that a
number of random vectors z are used with the
subsequent averaging of trace estimations. However,
for large-scale problems like the processing of GOCE
SGG data it is suﬃcient to consider only one random
vector (Golub and Matt 1997; Kusche and Klees 2002b).
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Thus, the trace of the inﬂuence matrix can be estimated as
T^a ¼ zT AðAT Cd1 A þ aRÞ1 AT Cd1 z

ð27Þ

In practice, the computation of T^a starts from the
initialization phase when (1) a random vector z is
generated and (2) auxiliary vectors y1 ¼ AT Cd1 z and
y2 ¼ AT z are computed. After that, for each considered
regularization parameter a: (1) the system of linear
equations ðAT Cd1 A þ aRÞqa ¼ y1 is solved and (2) the
trace estimator is computed as T^a ¼ y2 T qa .
In this way, each computation of the GCV function
of Eq. (22) requires only two inversion runs: one for the
numerator (to obtain the model vector xa ) and one for
the denominator. In order to ﬁnd the minimum of the
GCV function, one of the methods for 1-D numerical
minimization can be applied.

5 Numerical experiments
5.1 Data sets
Two sets of noisy SGG data have been simulated for the
purpose of a numerical study. They are referred to as the
‘short’ and the ‘long’ data set.
5.1.1 Short data set
1. Orbit: realistic 2-month repeat GOCE orbit, 961
revolutions, mean inclination 96:77 , radius
6647  12 km (average elevation above the equator is
about 268 km).
2. Observations: diagonal components of the gravity
gradients tensor (i.e. components XX , YY , and ZZ);
5-s sampling rate (1 036 801 observation points).
3. ‘True’ disturbing potential: diﬀerence between the
OSU91A model (Rapp et al.1991) truncated at degree/order 300 and the GRS80 normal ﬁeld (Moritz
1980).
4. (Square root of) the noise power spectral density
(PSD): same for all three components, and deﬁned by
means of the analytic function
rðf Þ ¼

r0
ff

1e

ð28Þ

0

pﬃﬃﬃﬃﬃﬃﬃ
where r0 ¼ 3:2 mE= Hz and f0 ¼ 27 cpr=Tr 
0:005 Hz, where ‘cpr’ stands for cycles per revolution, and Tr is the average revolution period
(5400 s). A plot of this analytic function is shown
in Fig. 1a. In this case, elements of the matrix Cd1
can also be computed analytically (Ditmar and Klees
2002).
The issue of building the Earth’s gravity ﬁeld model
from such a data set may be raised when temporal
gravitational variations have to be detected, so that the
whole set of acquired data is split into relatively short
subsets, each of which is treated separately.

Fig. 1. Square root of the noise PSD used in the simulation of a the
short and the long b data sets. Dotted, dashed, and solid lines in the
bottom picture correspond to the XX -, YY -, and ZZ-components of
the gravity gradients tensor, respectively

5.1.2 Long data set
1. Orbit: realistic 6-month non-repeat GOCE orbit,
2903.16 revolutions, mean inclination 96:65 , radius
6640  12 km (the average elevation above the
equator is about 262 km).
2. Observations: diagonal components of the gravity
gradients tensor; 1-s sampling rate (15 638 401
observation points).
3. ‘True’ disturbing potential: same as for the short data
set.
4. (Square root of) the noise PSD: a digital version of a
realistic noise behavior (Sünkel 2000), (see Fig. 1b).
Notice that the noise PSD is not the same for diﬀerent
components. Application of the matrix Cd1 to a
vector is implemented as two sequential operations of
ARMA ﬁltering (‘ARMA’ means auto-regressive
moving-average). Algorithms for deriving optimal
ARMA-ﬁlter coeﬃcients from a noise PSD are discussed by Klees and Broersen (2002) and Klees et al.
(2003).
The long data set basically imitates the SGG data that
will be acquired by the GOCE satellite during one of the
two half-year observation periods. Such (or even longer)
data sets will be handled in computing a model of the
static Earth’s gravity ﬁeld.
The minimum and maximum degree solved for are
always set equal to 2 and 300, respectively. All numerical
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experiments have been carried out on the SGI Origin
3800 computer.
5.2 Comparison of regularization matrices
The ﬁrst goal of our numerical study is to compare three
of the regularization techniques presented above: ZOT,
FOT, and Kaula. The SOT regularization is not
considered because, as we have pointed out, it is
practically equivalent to the Kaula regularization. The
quality of a model obtained is quantiﬁed as the RMS
deviation from the true one in terms of geoid heights
and, occasionally, in terms of gravity anomalies. The
quantities are computed in the latitudinal band 80
with step 0:5 in both the latitudinal and the longitudinal direction. The polar areas are eliminated from the
evaluation because they are not covered by measurements. We ﬁnd this evaluation procedure more appropriate than the traditional ones where there is no
distinction between polar and non-polar areas. It may
be claimed that our precaution is not important because
the polar areas occupy only a few percent of the Earth’s
surface. However, the absence of SGG measurements in
these areas makes the corresponding model errors
orders of magnitude larger than the errors in areas
covered by data. Therefore, errors in polar areas may
have a signiﬁcant inﬂuence, thus making an evaluation
less fair.
Unfortunately, the straightforward implementation
of both the ZOT and the FOT regularization may not
provide a meaningful solution. Typical results of the
data processing (obtained from the short data set) are
shown in Fig. 2. This behavior can be explained by a
low magnitude of the normal matrix elements related to
the lowest degrees (Fig. 3). This is a direct consequence
of the ﬁltering we apply in order to down-weight the
contribution of frequencies where the noise level is high.
Due to the ﬁltering, the low-frequency content in both
the data and the columns of the design matrix is suppressed. Furthermore, the entire content of the columns
related to the low-order coeﬃcients is of a low frequency
[roughly speaking, a column related to degree l contains
only frequencies up to ‘l’ cycles per revolution (Koop
1993; Ditmar and Klees 2002)]. As a result, elements of
the regularization matrix may become comparable with
those of the unregularized normal matrix or, in the case
of the ZOT regularization, even dominant (Fig. 3). For
this reason, the low-order coeﬃcients describing the
disturbing potential become close to zero. Therefore, the
model obtained is close to the reference one, i.e. wrong.
A possible magnitude of the model errors can be seen in
Fig. 2a, which shows, in essence, just the diﬀerence between low-frequency contents in the true and the reference models.
In order to cope with this unpleasant eﬀect, we have
modiﬁed the regularization matrices so that the coeﬃcients of the normal matrix related to small degrees are
excluded from the regularization. In other words, the
expressions for the ZOT and FOT regularization
matrices now read

Fig. 2. Processing of the short data set with a the ZOT and b the FOT
regularization; maps of geoid height errors. The regularization
parameters are 300  1017 (ZOT) and 500  1012 (FOT). All degrees
in the normal matrix are subject to the regularization. The RMS geoid
height error is equal to 26.8 m (ZOT) and 35.4 cm (FOT)

Fig. 3. Processing of the short data set. Black lines show dependence
of elements in the regularization matrices (scaled by corresponding
regularization parameters) on the current degree l; dotted and solid
lines correspond to the ZOT and FOT regularization, respectively.
Grey line shows the dependence of the diagonal elements in the
unregularized normal matrix on the current degree l; the elements are
averaged over orders m. A block-diagonal approximation of the
normal matrix has been used to produce this plot

n
o
RðZOTÞ ¼
ij

and
n
o
RðFOTÞ ¼
ij

0
dij

if l  Lthr
otherwise

0
dij lðiÞðlðiÞ þ 1Þ

ð29Þ
if l  Lthr
otherwise

ð30Þ
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In practice, the threshold degree Lthr is set equal to 30,
which corresponds, in view of the discussion above, to
the frequency 6  103 Hz. As can be seen from Fig. 1,
this frequency approximately coincides with the upper
bound of the range that contains strong low-frequency
noise. Hence, the modiﬁed regularization inﬂuences only
the elements that are not signiﬁcantly suppressed by
ﬁltering.
The idea of the updated regularization can be also
interpreted as splitting the vector of unknowns into the
low-frequency
and
the
high-frequency
parts:
x ¼ xlf þ xhf , where xlf contains degrees from 2 to Lthr
and xhf degrees from Lthr þ 1 to Lmax . Then, the regularization condition of Eq. (9) or (12) is supposed to be
applied only to the high-frequency part of the disturbing
potential.
Processing of the short data set with the updated
FOT regularization (all other parameters being as
before) leads to the model presented in Fig. 4a.
Obviously, the target is achieved: the bias at low degrees is eliminated. The result obtained with the updated ZOT regularization is not shown because it is
very similar to that presented in Fig. 4a. Furthermore,
processing of the long data set with the updated FOT
regularization also demonstrates an ability to recover
the low-frequency content of the model properly
(Fig. 4b).

Importantly, selection of the threshold degree Lthr in
the range where elements of the normal matrix dominate
over those in a regularization matrix guarantees that the
model obtained is insensitive to Lthr . In order to check
this, we have repeated the computations with the short
data set, having speciﬁed Lthr equal to 26 and 41. The
RMS geoid height diﬀerence with respect to the model
shown in Fig. 4a (FOT regularization) turned out to be
less than 0.4 mm. In the case of the ZOT regularization,
the diﬀerence is larger but also tolerable: of the order of
3 mm.
From Fig. 4 we can also conclude that the remaining
misﬁts between the true and calculated models are due to
two reasons. The ﬁrst reason is the propagated data
noise, which is responsible for the ‘orange-skin eﬀect’ – a
homogeneous high-frequency pattern in the geoid error
plot. The second reason is the high-frequency spatial
variations of the Earth’s gravity ﬁeld in certain areas like
mountains and subduction zones. These variations cannot be restored due to a smoothing eﬀect of the regularization. By changing the regularization parameter, we
can emphasize one or the other eﬀect. Smaller regularization parameters cause stronger high-frequency noise in
the solution (Fig. 5a), whereas larger regularization
parameters lead to an excessive smoothness (Fig. 5b).
The dependence of the model accuracy on the regularization parameter for the ZOT, FOT, and Kaula

Fig. 4. Processing of a the short and b the long data set with the FOT
regularization; maps of geoid height errors. Only degrees above 30 in
the normal matrix are subject to the regularization. The regularization
parameters are 500  1012 (short data set) and 1000  1012 (long data
set). The RMS geoid height error is equal to 22.1 (short data set) and
14.9 cm (long data set)

Fig. 5. Processing of the long data set with the FOT regularization;
maps of geoid height errors. a The regularization parameter is too
small (150  1012 ). b The regularization parameter is too large
(15 000  1012 ). The RMS geoid height error is equal to 21.8 and
18.5 cm, respectively
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Fig. 6. Processing of a the short and b the long data set; dependence
of the model accuracy on the regularization parameter. Black denotes
the geoid height errors, grey the gravity anomaly errors. Dotted, solid,
and dashed curves correspond to the ZOT, FOT, and Kaula
regularization, respectively

regularizations is demonstrated, in terms of geoid
heights and model anomalies, in Fig. 6. These plots
show that the results presented in Fig. 4 are close to the
optimum; this corresponds to such a selection of the
regularization parameter that the two above-mentioned
reasons for the misﬁts are in balance. Importantly, all
the curves show a very similar behavior. An exception is
the interval of relatively large regularization parameters,
where the RMS geoid height error grows faster if the
ZOT regularization is used (especially in the case of the
short data set). In other words, the ZOT regularization
demonstrates a larger sensitivity of the geoid conﬁguration to the right choice of the regularization parameter
than the other regularization techniques. This can be
explained by the relatively large magnitude of the ZOT
regularization matrix elements in the range of intermediate degrees l (cf. Fig. 3). By specifying an excessive
regularization parameter, we can easily reach the situation where elements in the regularization and in the
normal matrix become comparable.
Another important aspect is the numerical load related to diﬀerent regularization matrices. Naturally,
regularization itself is in all cases a very fast operation.
However, various regularization techniques may change
the condition number of the normal matrix in a diﬀerent
way, which can inﬂuence the number of required PCCG
iterations. In order to shed light on this issue, we have
plotted the number of PCCG iterations as a function of
the regularization parameter for all three regularization

Fig. 7. Processing of a the short and b the long data set; dependence
of the number of PCCG iterations on the regularization parameter.
Dotted, solid, and dashed curves correspond to the ZOT, FOT, and
Kaula regularization, respectively

techniques (Fig. 7). Importantly, the same stopping
criterion has been applied in all examples: the diﬀerence
between the geoid heights at two subsequent iterations
has to be less than 0.1 mm on average and 1 mm at
maximum (excluding the polar areas). It can be seen that
there is only a minor dependence of the number of
iterations on the regularization technique: Kaula regularization may require 20% more iterations than the
FOT regularization, whereas the ZOT regularization
may require 20% less iterations than the FOT regularization. It should be mentioned that the GOCESOFT
software performs one iteration in about half a minute
(provided that eight CPUs are used in the case of the
short data set and 32 CPUs in the case of the long data
set). Thus, each run takes in all cases not more than a
few minutes.
Naturally, we can try alternative regularization
techniques to those we have considered so far. In particular, Kusche and Klees (2002b) considered also
diagonal regularization matrices, the elements of which
were basically proportional to l6 and l8 , where l is the
degree related to the current row/column. Furthermore,
Kusche and Klees (2002a) investigated a family of
diagonal regularization matrices with elements varying
continuously from l2:8 to l8:4 . The conclusion drawn by
Kusche and Klees (2002a) is that the quality of the
model obtained is almost independent of the regularization matrix within these limits, the regularization
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Fig. 8. Processing of a the short and b the long data set using other
regularization techniques; dependence of the number of PCCG
iterations on the regularization parameter. Dotted, solid, and dashed
black curves correspond to diagonal regularization matrices with
elements proportional to l5:2 , l6 , and l8 , respectively. As a reference,
the curves related to the Kaula regularization (taken over from Fig. 7)
are shown as grey lines

matrix with elements proportional to l5:2 being slightly
superior to others. In order to verify these results, we
have considered three more diagonal regularization
matrices:

Fig. 9. Processing of a the short and b the long data sets. Vertical lines
depict the regularization parameters found with the GCV method;
black circles denote the corresponding RMS geoid height errors.
Dotted, solid, and dashed curves show, as a reference, the dependence
of the RMS geoid height error on the regularization parameter for
ZOT, FOT, and Kaula regularization, respectively

regularization matrix with elements growing faster than
Kaula’s rule prescribes is probably not the best choice.
5.3 Heuristic selection of the regularization parameter

5:2

1. With elements proportional to l .
2. With elements proportional to l6 .
3. With elements proportional to l8 .
It turns out that the dependence of the geoid height
errors on the regularization parameter in all three cases
is very similar to that observed with the Kaula
regularization (provided that the regularization parameters are properly re-scaled). In particular, improvement
of the RMS geoid height error related to the best
solution is negligible, if any: 21.8 vs 21.9 cm in case of
the short data set and 14.6–14.7 vs 14.7 cm in case of the
long data set. On the other hand, the required number of
PCCG iterations has increased (Fig. 8). This is especially
noticeable for the short data set, which is characterized
by a relatively sparse spatial distribution of observation
points. We explain such a behavior by an increased illposedness of the problem, which is caused by a too
imbalanced application of the regularization over different degrees. For example, application of a proper
regularization to the largest degrees leaves intermediate
degrees, in essence, without any regularization. Thus, a

In the second part of our numerical study, we have
tested the heuristic parameter choice rule based on the
GCV method; both the short and the long data sets are
considered. The results obtained are presented in Fig. 9,
which shows the regularization parameters selected by
the GCV method. It can be seen that in all the
considered cases the GCV method oﬀers a regularization
parameter that is very close to the optimal one, although
it may be slightly underestimated. This conclusion is
further supported by the results shown in Table 1. The
deviation of the best solution from the GCV-based one
is especially noticeable in the case of the ZOT regularization. This can be explained by an increased sensitivity
of a ZOT solution to the right choice of the regularization parameter.
At ﬁrst glance, an underestimation of the regularization parameter is a drawback of the GCV method.
The RMS geoid height error is, however, only one of the
possible criteria for assessing the quality of the solution.
An alternative is to analyze the maximum geoid height
error, and from this point of view much smaller
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Table 1. Comparison of the
gravity ﬁeld models obtained
with the best regularization
parameters (in the sense of the
RMS geoid height error) with
those found after applying the
GCV method

Short data set
ZOT
FOT
Kaula
Long data set
ZOT
FOT
Kaula

Minimum RMS choice

GCV choice

Regularization
parameter

RMS geoid
error (cm)

Regularization
parameter

RMS geoid
error (cm)

300  1017
700  1012
1200  107

22.3
22.0
21.9

149  1017
465  1012
1089  107

23.9
22.1
21.9

1000  1017
1500  1012
2000  107

14.8
14.7
14.7

503  1017
916  1012
1509  107

15.5
14.9
14.8

examples, 10–20 computations of the GCV function
were performed each time to ﬁnd the optimal regularization parameter; the required wall-clock time did not
exceed 5 hours.
6 Discussion and conclusions

Fig. 10. Same as Fig. 9, but the maximum (in the absolute value)
geoid height errors are considered instead of RMS errors

regularization parameters are preferable (Fig. 10). In
fact, this is not surprising: by minimizing the maximum
error, it is required that the propagated data noise is in
balance with unrecovered high-frequency geoid variations not on average but in those areas where the variations are maximum.
Thus, it is not unreasonable to select a slightly
smaller regularization parameter than the optimal one in
the sense of the RMS geoid height error, so that maximum geoid height errors are also taken into account.
From this point of view, solutions suggested in our
experiments by the GCV method are probably not worse
than those which could be selected manually on the basis
of the known misﬁts with respect to the true model.
It is important to mention that the time expenditure
required by the GCV method is not excessive. In our

In the present paper, we have compared diﬀerent
regularization techniques and checked the behavior of
the generalized cross-validation method for heuristic
selection of the regularization parameter.
First of all, it was found that the exploitation of the
ZOT or FOT regularization requires a precaution: the
lowest degrees in the normal matrix should be excluded
from the regularization, otherwise the obtained gravity
ﬁeld model is unacceptable. This conclusion is in
agreement with that of Kusche and Klees (2002b), who
observed erroneous gravity ﬁeld models after a
straightforward application of the ZOT regularization.
As long as the above-mentioned precaution is introduced, all the considered regularization techniques lead
to models of a very similar quality. A probable reason is
that in all the cases the regularization plays a signiﬁcant
role in only a relatively narrow interval of highest degrees. Whichever regularization matrix is considered,
elements of a regularization matrix do not vary signiﬁcantly in such an interval. A very minor drawback of the
ZOT regularization is an increased sensitivity to the
right choice of the regularization parameter. As far as
the numerical performance is concerned, the ZOT, the
FOT, and the Kaula techniques require nearly the same
number of PCCG iterations. An attempt to build a
diagonal regularization matrix with elements growing
faster than l4 may, however, result in a dramatic increase in the number of PCCG iterations to be performed.
Satisfactory results we have obtained with the Kaula
regularization disagree with the conclusions of Ditmar
and Klees (2002), who claimed that the Kaula regularization may behave improperly in the SGG data processing when the maximum degree solved for is large.
The reason for this mismatch, as was found recently, is a
bug in the software used by Ditmar and Klees (2002).
Furthermore, we have assessed the generalized crossvalidation method for heuristic selection of the regularization parameter. In all the examples considered, the
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Fig. 11. Processing of the long data set with the FOT regularization;
alternative ways to represent the results already shown in Fig. 4b. a
Degree-error variances of the estimated spherical harmonic coeﬃcients (black line) vs the OSU91a signal (grey line); b cumulative geoid
height errors between degrees 31 and 300. Degrees below 31 are
ignored because they cause unreasonably high errors; in practice these
errors will be suppressed by taking satellite-to-satellite tracking data
into account

choice oﬀered by the GCV method proved to be very
good. Importantly, the time expenditure required by the
GCV method remained within reasonable limits (not
more than 5 hours). Moreover, we expect that a proper
software optimization will reduce this expenditure even
further.
It is noteworthy that the optimal regularization
parameter in case of the Kaula regularization was found
to be 1:2  1010 for the short data set and 2  1010 for
the long data set. These values are suﬃciently close to
the value prescribed by Kaula’s rule of thumb: 1010 . It
should be borne in mind, however, that the application
of this rule requires a knowledge of noise in the data. If
information about the noise level is absent, the covariance matrix in the objective function of Eq. (5) is known
up to a certain constant factor. In this situation we
cannot rely upon Kaula’s rule of thumb or other previous estimations of the optimal regularization parameter, so that the exploitation of an heuristic parameter
choice rule is almost indispensable.
So far, we have assessed the computed gravity ﬁeld
models only in terms of geoid height errors. In order to
make an easier comparison of our results with those
presented previously (see e.g. Bouman 2000; Sünkel
2000; Sneeuw 2002; Ditmar et al. 2003), we have also
used two alternative representations of one of the best

gravity ﬁeld models obtained from the long data set
(Fig. 4b): the degree-error variances of the estimated
spherical harmonic coeﬃcients (Fig. 11a) and the
cumulative geoid height errors (Fig. 11b). From the
latter ﬁgure, we can see, in particular, that the cumulative geoid height error at degree 200 is slightly above
1 cm. It is known, however, that the model accuracy
improves with the square root of the number of data
(provided that each new portion of data is not correlated with previous data). Hence we can conclude that
processing of all the SGG data to be collected by the
GOCE satellite will result in cumulative geoid height
error at degree 200 of below 1 cm, which matches the
mission requirements. However, we must be careful
when using this square-root rule. This rule does not
take regularization into account, whereas the application of a regularization can be treated as an extension
of the data set to be considered. As can be seen from
Fig. 11a, errors in the spherical harmonic coeﬃcients at
degrees above 280 are close to the coeﬃcients themselves. This means that the solution at these degrees is
fully controlled by the regularization. Increasing the
number of data will barely reduce the errors in these
coeﬃcients. Therefore, we should not expect that a
one-year data set would reduce the cumulative geoid
error at degree 300 from 14 to 10 cm according to the
square-root rule. A more realistic estimation is 12–
13 cm. On the other hand, the fact that degrees above
280 are barely controlled by the data means that the
corresponding geopotential coeﬃcients which describe
the disturbing potential will be close to zero. In other
words, the model obtained after the data processing
will not diﬀer much from the reference one in the range
of highest spatial frequencies. Therefore, the cumulative geoid height error at degree 300 is strongly
dependent on the quality of the reference gravity ﬁeld
model. In our case, the GRS80 normal ﬁeld, which is a
most simple reference model, was used. Thus, our
estimations should be considered as a worst-case scenario. In practice, the reference model will reﬂect the
up-to-date knowledge of the Earth’s gravity ﬁeld, so
that the cumulative geoid height error related to the
degree 300 will be diminished.
It is noteworthy that we have considered in this paper
only the SGG data processing alone. In practice, SGG
data will be processed jointly with other types of
observations, ﬁrst of all with satellite-to-satellite tracking (SST) data. The SST data mostly control the range
of lowest degrees. It is therefore likely that our precautions related to the ZOT and the FOT regularization will
be not needed in such a joint processing. On the other
hand, SST data are of no help in the range of highest
degrees, where regularization plays the most signiﬁcant
role. Hence we believe that the other conclusions we
have drawn will be valid in the case of the joint
SST+SGG processing as well.
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